
Lecture 7
The normal distribution,

Z-scores,
Transformations of Variables



Density Curves



The Normal Distribution

• A family of smooth, bell-shaped (symmetric) distributions 
that arise often in statistics

• Shape is determined by two parameters: the mean and the 
standard deviation

The mean is located where the (relative) frequency is at its peak.

The standard deviation is the distance from the mean to the value of the 
variable where the (relative) frequency is a little less than 3/4 of the way 
(actually about 68%) to its maximum.

• We denote the normal distribution for a population as 
𝑥 ∼ 𝑁(𝜇, 𝜎)

• And for a sample as 
𝑥 ∼ 𝑁( ҧ𝑥, 𝑠)



What is the 
approximate value of 
𝜎 ?

𝜎 = 5



What is the 
approximate value 
of 𝜎 ?

𝜎 = 0.5



About 68% of the data

About 95% of the data

About 99.7% of the data

34% 34%13.5% 13.5%2.35% 2.35%

The Empirical Rule



Practice

• Suppose the distribution to the left 
represents the heights of a sample of 
female college students in the U.S. this 
distribution has mean and standard 
deviation 

• ҧ𝑥 ≈ 65 inches

• 𝑠 ≈ 5 inches

What percentage of students in the sample 
are shorter than mean height?

50%

What percentage of students in the sample 
are more than 2 standard deviations above 
the average height?

About 2.5% 34%13.5%2.35%0.15%



Identifying Outliers: Normal Distributions

• The empirical rule: It is fairly unlikely to observe a value that is more than 2 
standard deviations from the mean 

• Therefore, when data are approximately Normally distributed, we can regard 
all values ≥ 2𝑠 distance from the mean as outliers

• 𝒁 −score: The number of standard deviations a value falls from mean

𝑧𝑖 =
𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 − 𝑚𝑒𝑎𝑛

𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛

=
𝑥𝑖 − ҧ𝑥

𝑠
∼ 𝑁(0,1) if 𝑥𝑖 ∼ 𝑁(𝜇, 𝜎)



What is the 
approximate value of 
𝜎 ?

𝜎 = 5



What is the 
approximate value 
of 𝜎 ?

𝜎 = 0.5



2.5%2.5%

2.5%

95%

97.5% 97.5%2.5%

Outliers Outliers

Upper tail Lower tail



Try it out: Female College Student Heights

ҧ𝑥 = 65.4

𝑠 = 3.38

Compute the 𝑧-score for a female with a height of 70 inches

Compute the 𝑧-score for a female with a height of 92 inches



College Student Heights



A Note About Transformations of Variables…

• We often need to change the units of measurement of a variable such 
as from Fahrenheit to Celsius, Feet to meters, dollars to euros etc.

• Linear transformations: adding, subtracting, multiplying, dividing
- Linear transformations take the form 𝑦 = 𝑎𝑥 + 𝑏 (scaling + shift)

- 𝑎 is a scaling constant, 𝑏 is a shifting constant, 𝑥 is the original variable and 𝑦 the 
transformed variable

- The 𝑧 −score is a linear transformation

- Linear transformations preserve the shape of variables distribution

• Nonlinear transformations: squaring, taking roots, logarithm, 
exponentiation, etc

- Do not preserved the shape of the variables distribution



More properties of Linear Transformations

• For a linear transformation of 𝑥 to 𝑦: 𝑦 = 𝑎𝑥 + 𝑏

• ത𝑦 = 𝑎 ҧ𝑥 + 𝑏

• 𝑚𝑒𝑑𝑖𝑎𝑛 𝑦 = 𝑎 ⋅ 𝑚𝑒𝑑𝑖𝑎𝑛 𝑥 + 𝑏

• 𝑠𝑦 = 𝑎 ⋅ 𝑠𝑥 (the standard deviation is not affected by shift 𝑏)

• 𝐼𝑄𝑅𝑦 = 𝑎 ⋅ 𝐼𝑄𝑅𝑥 (the 𝐼𝑄𝑅 is not affected by shift 𝑏)



Identifying Outliers: Normal Distributions

• all values ≥ 2𝑠 distance from the mean are outliers

• 𝒁 −score: The number of standard deviations a value falls from mean

𝑧𝑖 =
𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 − 𝑚𝑒𝑎𝑛

𝑠𝑡𝑎𝑛𝑑𝑎𝑟𝑑 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛

=
𝑥𝑖 − ҧ𝑥

𝑠
∼ 𝑁(0,1)



Try it out: Female College Student Heights

ҧ𝑥 = 65.4

𝑠 = 3.4

Compute the 𝑧-score for a female with a height of 70 inches

Compute the 𝑧-score for a female with a height of 92 inches

Assuming the distribution of the sample is approximately symmetric, 
about proportion students have a height between ?

How short does a female have to be before she would be considered 
an outlier relative to the data?
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